SUFFICIENT CONDITIONS FOR A PROBLEM OF MAYER
IN THE CALCULUS OF VARIATIONS*

BY
G. A. BLISS anp M. R. HESTENES

1. Introduction. The general problem of Mayer with variable end points
as proposed by Bliss (V, p. 305)7 is that of finding in a class of arcs

(1:1) ¥i = yi(x) mSsSmi=1---,n)
satisfying a system of differential equations and end conditions
$a(%, 5,9) =0 (@a=1, -+, m<n),
Yul2, y(z1), 22, y(22)] = 0 w=1,---,p=<2n+1)

one which minimizes a function of the form

gloy, y(x1), 2, y(22)].

Bliss has shown that this problem is equivalent to a problem of Bolza (V,
P- 306) in the sense that each can be transformed into one of the other type.
For the problem of Bolza the function to be minimized is

I = glx, y(x1), 3, y(2)] + f z’f(x, y, ¥')dz,

and it is clear at once that the problem of Mayer is a problem of Bolza having
f=0.

Sufficient conditions for the problem of Bolza have been established by
Morse (XI, p. 528) and Bliss (XII, p. 271). However the hypotheses which
they make, in particular that of normality on every sub-interval, imply that
the function f is not identically zero, and the sets of sufficient conditions es-
tablished by them are therefore not applicable to the problem of Mayer with-
out further modification. In view of this fact it is the purpose of the authors of
the present paper to establish a set of sufficient conditions for the problem
of Mayer with variable end points. This will be done in two parts, the first of
which is the paper here presented, dealing only with the special case in which
the number of end conditions ¥, =0 is exactly 2z+1. By methods similar to
those used by Bliss for the problem of Bolza (XII, pp. 261-274) the results
obtained will be extended to the general case in a second paper by Hestenes.

* Presented to the Society, April 8, 1932; received by the editors June 9, 1932.
1 Roman numerals in parentheses refer to the bibliography at the end of this paper.
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The problem considered here is an obvious generalization of the classical
problem of Mayer and reduces to the latter when the expression to be mini-
mized is the function g=y,(x;) and the end conditions ¥, =0 are the condi-
tions

o — o =yx) —Ba=2 —o3=yj(x) —B2=0
G=1,---,nj=2,---,m),

the o’s and §’s being constants. Sufficiency theorems for the classical problem
have been established by Egorov (II, p. 376), Kneser (I, p. 250; VIII, p. 290),
and Larew (VII, p. 65), who use in each case an n#-dimensional field defined
in the (n-+1)-dimensional space of points (%, yi, - - -, ¥») by an (n—1)-
parameter family of extremals passing through a fixed point. Such a field
does not seem to be applicable to the problem considered here, but one can
use instead a field of #+1 dimensions defined by an n-parameter family of
extremals in (%, y1, - - -, ¥a)-space. The construction and use of such a field
are important features of this paper. An (z+1)-dimensional field of this sort
is applicable to the more special classical problem of Mayer also, and a
fundamental sufficiency theorem for this case can be established in this way
with greater ease and fewer restrictions than have hitherto been required.

2. Preliminary remarks. In the following pages it is assumed that the
various indices have the following ranges unless otherwise explicitly specified:

Lk=1,2,---,n a,B=1,2---,m<mn;
pyo=1,2,--- 2n+41; r=1,2,---,n—1;
s=1,2,--+,2n— 1.

The tensor analysis summation convention is used freely throughout. We
make the following hypotheses concerning a particular arc E,» whose mini-
mizing properties are to be studied:

(a) The functions y;(x) defining E,; are continuous on theinterval x, x,,
and this interval can be subdivided into a finite number of parts on each of
which these functions have continuous derivatives.

(b) The functions ¢, have continuous partial derivatives of the first
three orders in a neighborhood R of the values (x, ¥, ¥') on E,,, and at each
element (%, y, ') in % the matrix || ¢ay;|| has rank m.

(c) The functions g, ¥, have continuous partial derivatives of the first
two orders in a neighborhood of the end values (%, ¥:1, %2, ¥:2) of Eya in which
the determinant

8= 8var 8z2 8via

2:1
( ) ',’pzl ¢MI.'1 'PPZ 2 ‘ppﬂi 2

is different from zero.
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An admissible set (x, y, ') is a set interior to R and satisfying the equa-
tions ¢.=0. An arc (1:1) having the continuity properties described in (a)
is called admissible if all of its elements (x, v, ¥’) are admissible. The defini-
tions of equations of variation and of admissible variations used in the
following pages are those of Bliss (V, p. 307; IX, p. 677). The problem of
Mayer here proposed can now be more precisely stated as that of finding in
the class of admissible arcs satisfying the end conditions ¥,=0 one which
minimizes the function g.

I. THE FIRST NECESSARY CONDITION. For every minimizing arc E,s for the
problem of Mayer as here proposed there exist comstamts c; and a function
F =\a(%) b such that the equations

(2:2) FW' = ny.'dx + Ciy ¢a =0
71

are satisfied at each point of E.,. The multipliers No(x) are continuous except
possibly at the values of x defining corners of E,a and do not vanish simulta-
neously at any point of E,,.

To prove this theorem one needs only to combine the methods used by
Bliss for the corresponding theorems in the problems of Mayer (V, p. 311)
and Lagrange (IX, p. 683). It is also an immediate corollary of a theorem
established by Morse and Myers for the problem of Bolza (X, p. 245).

THEOREM 2:1. If the functions \o(x) are a set of multipliers with which an
admissible arc E,; satisfies the equations (2:2), then for every set of admissible
variations &, &, 1:(x) along E,; the functions n.(x) satisfy the equations

(2:3) Fyons =0

Sor every interval x'x'’.
This result is readily provable by multiplying the equations of variation
Pay;ni + ¢aw’"7i, =0

by the multipliers A.(x), adding, and applying the usual integration by parts
with the help of equations (2:2).

An admissible arc E,; is said to be normal relative to the end conditions
¥, =0 if there exist for it 2n-+1 sets of admissible variations £, £, 7] (x) such
that the determinant |¥,(¢7, 7)| is different from zero, where

\I/ﬂ(é) n) = (‘ppxl + yill ¢pvu)£1 + Yoyna + ('/’p:z + yﬂ’ #’pun)& + \bpuiz’lﬂy
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the functions y;, y/ occurring explicitly and in the derivatives of ¥, being
those belonging to E,s. The arc Ey, is normal on the sub-interval x’'x’’ if there
exist for it 2n—1 sets of admissible variations £}, £, 7;(x) such that the
matrix ,
y €.
= [ rien ]

ﬂ{'(x")

has rank 2z —1. On account of the relation (2:3) this is the highest rank at-
tainable for a matrix with columns of this sort belonging to an arc that satis-
fies the equations (2:2) with a set of multipliers A,(x). For convenience an arc
that is normal relative to the end conditions ¥, =0 will be designated simply
as normal.

THEOREM 2:2. An admissible arc E,, that satisfies the necessary condition
1 is normal if and only if there exist for it no set of multipliers \.(x), not vanish-
ing simultaneously, with which it satisfies equations (2:2) and for which the
determinant

0 Fv."(xl) 0 - Fv."(x2)
Yor + il Yovir  Vouar Vozs + Vit Youia Vovia

vanishes on Ey. If Eis is normal the constant l, defined below can be taken equal
to 1, and its multipliers \.(x) are then unique.

(2:5)

To prove the theorem we first notice that the arc E,; is normal if and only
if there exist for it no set of constants and multipliers /o, /,, A(x) having
lo=0 but not vanishing simultaneously with which it satisfies the relations
(2:2) and

lo(gz, + yil gui)) + b(Yor, + yit ¥oi) =0,

(2:6) logysy + Lou, = Fﬂ."(xl))
lo(gzy + ¥i2 8uis) + L(Yozs + Y2 Yoir) = 0,
logy;, + L¥ou;, = — Fy(x).

This criterion for normality is readily established by the same methods as
those used by Bliss for the case when E;; is an extremal (V, p. 311). If for a
set of multipliers A\,(x) belonging to E; the determinant (2:5) vanishes, then
there is a set /o, /,, cAo(x) having /o=0 and satisfying the equations (2:6).
Hence E,; could not be normal. On the other hand if the determinant (2:5) is
different from zero for every set of multipliers A.(x) with which E,, satisfies
equations (2:2), then there can be no set lo, ,, Aa(x) with =0 satisfying the
equations (2:6). Consequently in this case E;; is normal. The last statement
in the theorem is readily established by the methods used by Bliss for the
case when Ej, is an extremal (V, p. 311).
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THEOREM 2:3. If an admissible arc E,; is normal on x'x"’ and satisfies the
equations (2:2) with a set of multipliers Na(x) ,then these multipliers are unique on
the interval x'x'" except for a constant factor.

This is a result of the relation (2:3) which implies that the constants
F,.(x"), Fy.(z'") are unique except for a constant factor since it is possible
to select a matrix (2:4) having rank 2z —1 on z'x'’. The multipliers belonging
to E;; on the interval 2’’’ are then also unique except for a constant factor
since they are completely determined when the set of values F,, (x’) is speci-
fied (IX, p. 680).

3. The family of extremals. An exiremal is an admissible arc with a set
of multipliers not vanishing simultaneously

yi = %), Na = Na(®) (% = % = x)

which have continuous derivatives y/ (x), ¥/’ (x), \d (x) and satisfy the Euler-
Lagrange equations

(3:1) (d/dx)Fyy—F,, = 0, ¢a = 0.
Such an extremal is non-singular if the determinant
R= | o bov |
Py 0 |
is different from zero alongit. Along a non-singular extremal E,; the equations
(3:2) Fyr(2, 9,9, N) = 25, %a(x,9,9") =0

can be solved for the variables y/, A, in a neighborhood of the values (x, vy, 2)
on the arc E,;. The solution has the form

(3:3) yi’ = Pi(x, Y Z); Ao = Aa(x7 Y, Z),

and has continuous partial derivatives of the first two orders since the first
members of equations (3:2) have such derivatives. The system of equations
(3:1) is now equivalent to the system

(3:4) dyi/dx = Py(x, y,2), dz;/dx = F,[x,y, P (x, y, ), Ax, v, 3)].
The functions F, P;, A, satisfy the homogeneity relations
F(z, 9,9, k\) = kF(z, 3, y', ),
3:5) P;(x, y, kz) = Pi(x, y, 2),
Ao(x, v, k2) = kAL(2, ¥, 3) (& # 0).

The first of these relations is a consequence of the definition of F. The last two
follow from the fact that the two sets
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[x) Y, kz, P(x, ¥, 2), kA(x’ Y Z)],
[xr y, kz, P(x, Y kz), A(x, Y, kz)]

satisfy equations (3:2) and must be identical since the solutions P, A of
these equations are unique when x, y, z are given.

Through every element (%o, ¥o, 20) in a neighborhood of the set of values
(x, , 2) on the extremal E;, there passes a unique solution

(3:6) yi = 3i(%, %o, Yo, 30), 2 = 2:i(%, %o, Yo, 20)

of equations (3:4) for which the functions ¥;, ¥z, 2:, 2:- have continuous partial
derivatives of the first two orders since the second members of equations (3:4)
have such derivatives. The functions y.(x, %o, Yo, 20), k2:(, %o, ¥, 20) are solu-
tions of equations (3:4), on account of the homogeneity properties (3:5),
and have the initial values (x, y, 2) =(xo, yo, k20). Since the solutions with
these initial values are unique it follows that

yi(%, %o, Yo, k20) = yi(2, %o, Yo, 20),

3:7) :
( 2i(x, %o, Yo, k20) = kzi(x, %0, Yo, 20).

Since each curve (3:6) has an initial set at x =x;, we lose none of them if we
replace xo by the fixed value ;0. Furthermore not all the constants z;, are
zero at the initial element of E;;. We may therefore renumber the solutions
(3:6) so that z. is different from zero. On account of the homogeneity rela-
tions (3:7) it follows that the initial elements (%10, ¥0, 20), (%10, 0, k20) deter-
mine the same curves y; =v(x, %10, ¥0, 20). Hence we lose none of these curves
if we assign to z,o the fixed value of 2, belonging to E;; at the point 1. Let us
for convenience rename the constants yio, Y20, - * *, Yno, %10, * * * , Zn-1.0
and call them ¢;, ¢, -+ - -, can—y respectively. The family (3:6) then takes the
form

(3:8) i = yi(x, ¢), 2z = zi(x, ©).
The equations
¢i = (%10, €)y Cntr = 2:(%10, €), Zn0 = 2210, €)
express the fact that the solutions (3:8) pass through the initial element
(% Y1 " 9 Ymy 21+ * y Zncty Zn) = (%10, €1, = © 5 Cny Cntly * * * 5 Canty Zn0)
and from them we find by differentiation that the determinant
Yics 0

3:9)
Zic, 2

takes the value 2.0 at £=x;,. When we substitute the functions (3:8) in
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equations (3:3) a set of functions X.(x, ¢) is determined, and we have the
final result:

THEOREM 3: 1. Every non-singular extremal arc E,» is a member of a 2n—1)-
parameter family of extremals

(3:10) Yi = yi(x) C): Ao = )‘a(xy C) (xl Sx= x2)

for special values (%, %2, ¢) = (%10, %20, Co). The functions yi, Yiz, 2i, 2z, Na have
continuous first and second partial derivatives in a meighborhood of the values
(%, ¢) defining E.s, and for the special values (%1, co) the determinant (3:9) is
different from zero.

4. The second variation for a normal extremal. Consider a normal ex-
tremal arc E;; with ends satisfying the conditions ¥, =0. Let &, &, n:(x) be a
set of admissible variations along E;; satisfying the equations ¥,(¢, 7) =0.
It can be shown that there is a one-parameter family of admissible arcs

(4:1) Yi = y"(x’ b)’ xl(b) Sx= x2(b)7

satisfying the end conditions ¥, =0, containing E;, for =0, and having
&, &, 1:(x) as its variations along Ej,(IX, p. 695). The functions x1(b), x(b),
yi(x, b), yis(x, b) are continuous in a neighborhood of the values (x, b) defining
E3, and their derivatives %15, X155, X28, X285, Viz, YVizts, Vies have the same property
except possibly at the values of x defining the corners of the arc 7;=7:(x)
(2, Sx=<x) in xn-space.
When the equations
g(®) = glx(8), y(x1(8), b), 22(0), ¥(%2(8), b) 1,

0=19, [xl(b)’ y(x1(0), b), x2(b), y(xz(b), b)])

0 = ¢alx, 3(x, b), ¥'(x, )]
are multiplied by constants and multipliers Jo, /,, N.(x), where Iy, /, are to be

determined later and the functions \,(x) are the multipliers belonging to Es,
it is found by suitable additions that

log(b) = G[x(b), y(x:(8), b), %(b), ¥(22(d), )],
0 = Flz, y(x, b), 3'(x, b), Na(®) ],

where G =log+1,¢,. By differentiating these equations for b it follows further

that
log'(b) = (G=| + yil’ Gﬂn)xlb + Gy,y i (21)

+ (GS: + yﬂ, Gviz)x‘lb + Gw:yib(xz)r
0= Fyyn+ Fﬂ."yib,’
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and a second differentiation gives for =0

1g"'(0) = (Gay + 9il Gyir)Zins + Gy, Yins(x1) |

(4:2) +(Gay + 94 Gui)ms + Gyipyins(m) | =0
+ Q[Ely ﬂ(x1)~ &, ﬂ(xz)],
(4:3) 0= Fyyus + Fw'yibb' lb-o + 2w(x’ My 77,)’

where Q is a quadratic form in the variations £, 7:(x,), £, 7:(x2) of the family
(4:1) along E;; and

(4:4) Zw(x, 7, "7’)=Fv.'vk"7i"7k + Zva'ﬂi’lk’ + F,,,-',,,,' "h"ﬂk'-

When equation (4:3) is integrated from zx; to x3, it is found with the help of
the Euler-Lagrange equations (3:1) that

(4:9) 0 = Fyyuw

z5 2
+ f 20(x, 1, 1')dx.
zy z1

From the hypothesis (c) of § 2, and since E,; is normal, we can determine the
constants ly, [, to satisfy equations (2:6) with /,=1. Hence by adding equations
(4:2) and (4:5) it follows that the second variation I, along E,; can be ex-
pressed in the form

(4:6) I, = g"(0) = Q[&, n(x), &, n(x)] + f z’2w(x, 7, n')dx,

and this expression must be =0 for every set of admissible variations &, &,
n4(x) along E,; satisfying the conditions ¥, (£, ) =0.

Since E,; is normal the relation (2:3) and Theorem 2:2 imply that every
set of admissible variations £, &, 7:(x) along E,, satisfying the conditions
¥,=0 also satisfies the equations & =n:(x;) =£3=7:(xs) =0. Hence in the
expression (4:6) the value of the quadratic form Q is always zero, and we
have the following theorem:

THEOREM 4:1. Along a normal extremal arc E,, with ends satisfying the
conditions Y, =0 the second variation is always expressible in the form

Z3
Iz=f 2w(x, 1, n')dx
zy

for all admissible variations &, &, n:(x) satisfying the equations ¥, =0, where
2w is the quadratic form (4:4). If g(E.2) is to be a minimum for the problem of
Mayer as here proposed, then this second variation must be =0 for every set of
admissible variations n:(x) satisfying the relations

(4:7) ni(x) = ni(x2) = 0.
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Since the functions 7;(x) satisfy the differential equations of variation
(4:8) Qa(x, My 77’) = Qayils + ¢ay.~’77i’ =0

it is clear that the properties of the second variation suggest a minimum
problem which is a problem of Lagrange (cf. VI, p. 16), namely, that of
minimizing I, in the class of arcs

(4:9) 7i = (%) €]

satisfying equations (4:8) and passing through the fixed points (x, 0),
(%2, 0) in xn-space as indicated by equations (4:7). One readily verifies that
this problem is abnormal since, as was seen in §2, the rank of the matrix (2:4)
cannot exceed 2#—1 on E;,. However, by a suitable modification of the end
conditions the problem can be made normal. For this purpose we replace the
condition that the arc (4:9) passes through the fixed points (%1, 0), (%3, 0) in
xn-space by the conditions

(4:10) m—a=nw) =m—a=mn() =0 C=1,---,m;1#p),

where p is chosen so that F,,/(x2) #0. The two sets of end conditions are
equivalent since the relation (2:3) implies that #,(xs) =0 whenever the con-

ditions (4:10) are satisfied.

To prove that the new accessory problem just described is normal we use
the fact that since Ej, is normal there is a determinant of the form | ¥,(¢°,7°)|
which is different from zero on E;,. The matrix of this determinant is the
product of two matrices, the first of which is formed by deleting the first row
of the matrix (2:5) and has rank 2#+1, and the second of which is a matrix

having 2741 columns of the form

(4:11) &, ni(w), &, n%(2).

This second matrix must also have rank 2n+1 if the original determinant is
to be different from zero, and the determinant formed from this second
matrix by leaving out the row of elements 7,°(x;) must be different from zero,
as one readily sees with the help of the relation (2:3). This last determinant
is however one of the form whose non-vanishing insures the normality of the
accessory problem with end conditions (4:10).

The Euler-Lagrange equations for the xn-problem are the equations

(4:12) (d/dx) Qﬂ;' - Qﬂ.— =0, cba(xx My 77') = 07

where Q(x, 1, 7', u) =pow+p, .. These equations are known as the accessory
equations for the original Mayer problem.
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THEOREM 4:2. If the functions po=1, p.(x) are a set of multipliers with
which an admissible arc (4:9) for the xn-problem satisfies equations (4:12),
then every set of functions po=1, pa(x) having this property is of the form po=1,
Pa(®) =pa(x) +ENa(x), where the functions N.(x) are the multipliers for E.; and
k is an arbitrary constant.

This follows because if po =1, pa(x) are a second set of multipliers for the arc
(4:9), then the differences pa(x) —uq(x) must be multipliers for the original
problem and hence be of the form p,(x) — u.(x) =k\.(x), since E;; is normal.
This proves the theorem (cf. VI, p. 19).

An admissible arc (4:9) having associated with it a set of multipliers uo,
pa(x) with which it satisfies equations (4:12) will also satisfy the transver-
sality condition for the accessory problem just described if it satisfies the rela-
tion @, (%) =0 (IX, p. 693). Since Ej, is normal and F,,(x,) =0 it follows
that a solution 7(x), po=1, pa = pa(x) + kX.(x) of equations (4:12) satisfies the
transversality condition Q.,(xz) =0 for a suitably selected value of the
constant &.

Let us now assume that E,, is also non-singular. Then the determinant R
is different from zero along E;;, and the equations

Qﬂ"(x) 7, ’7” ﬂ') = g-l') ¢a(x) 7, 77,) = 0
with uo=1 can be solved for the variables 7/, u.. The solution has the form
7l = H:’(x’ n, f), Ma = Ma(x7 m f)a

and the accessory equations (4:12) with uo=1 are now equivalent to the
equations

dni/dx = Hi(x, 0, ),

dgi/ds = Qo[ n, H(x, 1, $), M(x, 1, 9)],

which are linear and homogeneous in the variables 7;, {;. They have the solu-
tion 7;=0, {;=2(x), where 2;(x) are the values of the derivatives F,, along
E,;, since the corresponding values 7;=0, p. =\, reduce the first equations
(4:12) to the Euler-Lagrange equations (3:1). It is known that for equations
(4:13) a set of 2n —1 solutions u,,, v;,, whose determinant

(4:13)

Uis 0
(4:14)

Vis 24

is different from zero for one value of x, has that determinant different from
zero for all values of x. Furthermore every solution (7;, {:) of equations (4:13)
is expressible in the form

(4:15) Ni = Clis, i = Cais + k24,
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where c,, k are constants (IV, pp. 153—4). One readily verifies that the columns
of the determinant (3:9) are a set of solutions of equations (4:13) like those
in the columns of (4:14) (IX, p. 726).

As an immediate consequence of the relation (4:15) it follows that there
is one and only one solution (7, {:) of equations (4:12) taking prescribed
values 7.0, {10 at a given value xo. In particular the only solution taking the
values 7:0={0=0 at x =2, is the solution ;={;=0. Furthermore, since E;; is
normal the only solution having 7:=0 on #x.x, is the solution 7;=0, {:=
kz,(x). The same is true on a sub-interval x’x’’ provided E, is normal on this
sub-interval.

5. The necessary condition of Mayer. A value %372, is said to define a
point 3 conjugate to 1 on E;, if there exists a solution n;=u;(x), po=1,
Ma=pa(x) of equations (4:12) whose functions u(x) satisfy the relations
wi(21) =u;(x;) =0 but are not all identically zero on xx;.

IV. THE NECESSARY CONDITION OF MAYER. Let E,; be a non-singular nor-
mal extremal arc, normal on every pair of sub-intervals x5 and x3%s. If Eiz is @
minimizing arc for the problem of Mayer as here proposed, then between 1 and 2
on E,; there can be no points 3 conjugate to 1.

If there were a solution 7;=wu.(x), po=1, pa=pa(x) of equations (4:12)
whose functions w;(x) vanish at x; and x; but are not all identically zero on
x,%3, then for the functions 7:(x), o, pa(x) defined by the equations

7:(®) = ui(x), wo=1, pax) = pa(x) on x1x3,
(5:1)
n:(x) = 0, mo =1, u(x) =0 onwxx

the second variation I, would take the value zero (IX, p. 726). It follows that
the arc

(5:2) 7 = n:(x) CEEEED)

would be a minimizing arc for the xn-problem since E;. is to be a solution of
the original problem. Hence there would be associated with the arc (5:2) a
function Q=w-+u.P, with which it would satisfy the accessory equations
(4:12), the transversality condition Q. (%) =0, and the condition that the
derivatives Q. (x) are continuous on the interval x;%;. As was seen above the
most general multipliers possible for the functions #;(x) would have the forms
po=1, pa=pa(x)+cX.(x) on the interval xx; and po=1, pa=dA.(x) on the
interval xsr.. On account of the transversality condition Qy/(x2) =0 it is
found that d =0 since F,_ (%) #0. Hence at x =x; the corner condition would
require
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Qm" (x3 - O) = Wy (x:“,ul) + (Pa + Cxa) Pay,’ Iz' = 0.

It follows that there would exist for the arc (5:2) a set of multipliers po=1,
o =pa(®) +cNa(x) such that at x=x; the functions {;= Q,,.(x, %, %', p+cN\)
vanish as well as 7;=u;. Hence the functions 7:(x), {:(x) would all vanish
identically on xx; which is not the case, and the theorem is therefore es-
tablished (cf. VI, p. 18).

6. The determination of conjugate points. Consider a non-singular, nor-
mal extremal arc E;; that is normal on every sub-interval x,x;.

THEOREM 6:1. Let u;,, v, be 2n—1 solutions of equations (4:13) whose
determinant (4:14) is different from zero at x =x,. A value x;7x, determines a
point 3 conjugate to 1 on Ey, if and only if the matrix

|

This theorem is a simple extension of a theorem given by Larew and can
be proved by the same methods (VI, p. 20).

If now we select 2% —1 solutions #;,, v;, of equations (4:13), as in Theorem
6:1, and such that at x =x; the functions #;,(x) have the values

uu(xs)

uis(xl)

(6:1) i

has rank <2n—1.

Uir(®) = 0, Ui n1px(x1) = Oix (8:i = 1, 8 = O for ik),

then it is clear that the matrix (6:1) for this set has rank 2% —1 if and only
if the matrix ||w(x;)|| has rank #—1. With this in mind we can prove the
following theorem:

THEOREM 6:2. Let w:x, vir be n solutions of equations (4:13) which at x =z,
satisfy the relations

u;,(xl) = 0, lv,-,(xl) z,-(xl)l = 0,
ui,.(xl) = z,-(x,), v;n(xl) = 0.

A value x3 7 x, determines a point 3 conjugate to 1 on E; if and only if D(x3) =0,
where D(x) = | ua(%)| .

The theorem follows at once from our previous considerations if we show
that D(x;) vanishes if and only if the matrix ||u.(xs)|| has rank <n—1. If
now D(x;) =0, then there exist constants ax, not all zero, such that u;.(x3)ax
=0. On account of the relation (2:3) for the functions 7;(x) =u.:(x)a, and
the values of u;; at x =x, it follows that
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0 = zi(xs) wir(xs)ar = z:(x1) uar(xr)ar = 2:(21) 2:(x1)@n.

Hence ¢,=0, and the matrix ||#;(x;)|| has rank <#—1. The converse is im-
mediate, and the theorem is established.

7. Mayer fields and a fundamental sufficiency theorem. The importance
of the introduction of the notion of an (#+1)-dimensional field in the space
of points (x, 91, - - -, ¥,) for the problems of Mayer will be seen from the
following considerations.

DEFINITION OF A MAYER FIELD. A Mayer field for the problem considered
in this paper is a region § in xy-space containing only interior points and
having associated with it a set of functions $.(x, ¥), A.(x, ) with the following
properties:

(a) they have continuous first partial derivatives in ;

(b) the sets [x, v, p(x, y)] defined by the points (x, y) in § are all ad-
missible;

(c) the integral

I* = f {F(x, ¥ P, )‘)dx + (dy" - ?idx)Fﬂi'(xy ¥, )\)}

formed with these functions is independent of the path in .

This definition of a field is precisely the one given by Bliss for the problem
of Lagrange except for the form of the function F(IX, p. 730). It should be
noted that for the problem of Mayer here discussed the function F(x, y, p, \)
vanishes identically in §, which is not in general true for the problems of
Lagrange. Bliss has shown that the solutions y:(x) of the equations dy;/dx
= pi(x, y) are extremals with multipliers Na(x, y(x)), called extremals of the
field. 1t is clear that the value of I* is zero along every extremal of the field.

THEOREM 7:1. If Ei, is a normal extremal arc of a field § with ends satis-
fying the conditions ,=0, then there is a neighborhood N of the ends of Es in
(2191%9y2)-space such that for every admissible arc Cyy in F with ends in N satis-
fying the conditions Y, =0 the formula

7:1)  g(Cs) — g(En) = (1/\0) f “Elx, 3, (5, ), Mz, 3), ¥']dx

holds, where N, is a suitably chosen positive constant,

E(x1 Y, P: )‘1 yl) = F(x: Y, )"» )‘) - F(x; Y P7 )‘) - (yz, - pt) Fv."(x, ¥ by )‘)’

and the arguments y,(x), v! (x) occurring in the integrand are those belonging to

Css.
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As a first step in the proof consider the equations

g(xl’ Y1, %2, )’2) =8 \bp(xl) Y1, X2, ‘.Vz) = 0.

By hypothesis they are satisfied by the set [x1, y1, %3, ¥2, g(E12) ] belonging to
E,;. Since the determinant (2:1) is different from zero these equations have
solutions of the form

(7:2) = x2(g), ya=yag), 2=m(, y2= yalg)

which have continuous second derivatives in a neighborhood of the value
g =g(Eyy). Furthermore, in a sufficiently small neighborhood N of the ends
of E,; the only solutions are those defined by equations (7:2). These equations
define two arcs 4, B through the ends of E,.

The equations

loge, + Loz, = — piFur(x, 3, 0,M)]|,
logui + lobovn = Fup(x,9,0,V]|1,
ligey + lobors = DiFur(x, 3,0, M]%
lgy + L¥ov = — Fuo(x, 3, 0,03

where the variables 1, y., %2, ¥:2 are replaced by the right members of equa-
tions (7:2), determine continuous functions /o(g), ,(g). When they are multi-
plied by the differentials dx;, dy., dx,, dy.» belonging to the arcs 4, B and
added, it is found that \

(7:3) ldg = — le(dyi - p,dx) .
1

In order to compare the values of g for the arcs E;; and Cj, this last equation
may be integrated from g =g(E;) to g=g(Css). By then applying the first law
of the mean to the left member, an equation of the form

(7:4) Mo[g(Cse) — g(En)] = I*(A1s) — I*(B)

is obtained, where ), is a suitably selected mean value of the function o(g)
on E,,. Since Ej, is normal we may suppose lo=1 on E,;, according to the
agreement made in §2. Consequently the neighborhood N can be chosen so
small that /,(g) >0 and hence \o>0 in N. Furthermore, since I* is independ-
ent of the path in § it is clear that

(7:5) I*(A13) — I*(Bys) = I*(Ew) — I*(C3s) = — I*(Csa),

the last equality being valid since I* vanishes identically along the extremal
Ey; of the field. The theorem now follows at once from equations (7:4) and
(7:5) since, as is easily seen, the value of —I*(Css)/No is equal to the value of
the second member of equation (7:1).
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It is now possible to prove the following important theorem:

THEOREM 7:2. A FUNDAMENTAL SUFFICIENCY THEOREM. Let a normal ex-
tremal arc Ey; be an extremal of a field §. Suppose that the ends of E,, satisfy the
conditions ¥, =0 and that there is a neighborhood N of these ends in (2,y,%2y2)-
space such that no other extremal of the field has ends in N satisfying the equations
¥, =0. If at eack point of § the condition

Elx, 3, p(x, ), M=, 9),5'] > 0

holds for every admissible set (x, v, y') #= (x, v, p), then the neighborhood N can be
so restricted that the inequality g(Csi) >g(Ei) is true for every admissible arc
Cs tn § with ends in N satisfying the conditions ,=0 and not identical with
E]g.

To prove this, restrict NV so as to be effective as in Theorem 7:1. It follows
at once from Theorem 7:1 that the inequality g(Cs) 2 g(E:2) is necessarily
satisfied by every admissible arc Cs in § with ends in N satisfying the con-
ditions ¥, =0. The equality sign is appropriate only when the E-function
vanishes along Cs,, that is, only when y! =, at each point of ;. But in that
case Cy would be an extremal of the field and would coincide with E;, since
E;, is the only extremal of the field with ends in N satisfying the conditions
¥, =0.

8. An auxiliary theorem. A normal extremal arc Ey, is said to satisfy the
Clebsch condition 11T if at each element (x, v, ¥, \) on it the inequality

Fypyp LI > 0

holds for every set (II;, - - -, II,) (0, - - -, 0) which is a solution of the
equations ¢a,; I1;=0. The arc Ey, satisfies the Mayer condition IV’ if there is
no point 3 conjugate to 1 on E;, between 1 and 2 or at 2.

In this section we propose to construct » solutions Ui, Vi of equations
(4:13) whose determinant | U,x(x)| is different from zero on xx; as stated
in Theorem 8:1 below. To do this we consider a normal extremal arc E;, that
is normal on every sub-interval x,x; and satisfies the conditions IT’, IV’
just described. From the condition III’ we conclude that E;, is non-singular
(IX, p. 735).

LemMA 8:1. There is an interval 2, <x Zx,+h on which there is no point 3
conjugate to 1 on E,,.

This lemma is readily proved by the methods used by Bliss to establish
the corresponding theorem for the problem of Lagrange (IX, pp. 737-740).
Bliss makes the stronger assumption that E,, is normal on every sub-interval

x'x’’, a restriction which is useful if we wish to show that there are no pairs
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of conjugate points whatsoever on E,; defined by values 2’2"’ on an interval
21 Sx=x,+k. It can, however, be replaced by the weaker hypothesis that E;,
is normal on every sub-interval x,x; if we wish to consider only the points 3
conjugate to 1 on E;,.

For every pair of solutions (7, {:), (%, v;) of equations (4:13) it is known
that the expression n;—u.{; is a constant. If this constant is zero, then the
two solutions are called conjugate solutions of equations (4:13). A set of n
mutually conjugate solutions of equations (4:13) is said to form a conjugate
system of solutions.

Consider now the system of solutions %, v.: of equations (4:13) defined in
Theorem 6:2. One readily verifies that this system forms a conjugate system
if the functions v;,(x) are modified so that they satisfy the relation z;(x:)
-9;:(%;) =0. This can be done by adding to the solution #;x, v:: suitable mul-
tiples of the solution 7;=0, {;=2:(x). Furthermore, since E;, satisfies the
condition IV’ it follows from Theorem 6:2 and Lemma 8:1 that the deter-
minant |#:(x)| is different from zero on the interval x; <x <x,. When the
matrices ||#|, ||2:x]| are multiplied on the right by the inverse of the matrix
||lwir(x;)|| a new conjugate system 7.x, {ix is formed which takes values 8,
B, at x =x,, where 8, equals 0 or 1 accordingasi#kor ¢ =~k,and Bz =B;.. It
is clear that the determinant |7:(%)| is also different from zero on the inter-
val 2; <2 <x,. Hence the n#-parameter family of solutions of equations (4:13)

(8:1) N = Nadr, $s = Sadk (01 S 2 = 1)

simply covers a region § of points (x, 71, - + -, 7,) whose x-co6rdinates lie on
the interval x;<x=<x,. Each arc of this family intersects the hyperplane
x=2x, in points whose n-codrdinates are the parameters a; defining the arc.
Furthermore, on the hyperplane x=x; the Hilbert integral I,* for the x-
problem defined by the family (8:1) takes the form

I* = ﬁi’idm = ﬁBikakdai = fd(B{kaiak)

and hence is independent of the path. It follows that the family (8:1) defines
a field § (IX, p. 733), and the following lemma is estabiished:

LEMMA 8:2. If nix, {ix 25 @ conjugate system of solutions taking at x=x, the
values 8:x, Bix just defined, then the determinant | n.(x)| is different from zero on
the interval x, <x < x,. Furthermore the n-parameter family (8:1) of solutions of
the accessory equations defines a Mayer field over a region § of points (x, i,

-, M) whose x-coordinates lie on the interval x, <x = xs.

LeEMMA 8:3. For every extremal T4 for the xn-problem joining points (x, 1)
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= (%3, 0) and (x, n) = (%3, a), with x, <x; <, the relation
(8:2) Iy(T3s) — Bixaiar = 0
holds, where

I, = f2w(x, 7, n')dx.

\

Consider first the case when x;>#,. According to Lemma 8:2 the Hilbert
integral I,* for the integral I is independent of the path in §. Hence

(8:3) L*(Ts0) = L*(4s) + I¥(La)

= 2Binidnr = Biaiay.
Ly

Since T's4 is admissible it follows that
(8:4) Iy(T34) — I*(T3y) = Eqodx,

where E is the Weierstrass E-function formed for the function 2Q. By the
use of Taylor’s expansion one readily verifies that the condition III’ on E;,
implies that Eo=0 along I's,. Hence from equations (8:3) and (8:4) it is
clear that the inequality (8:2) is true whenever 3> x,. If now x;=2x, then
I's: is an extremal of the field and by direct integration it is found that
I,(T'sy) = B;za:a:. Hence the lemma is established.

The following theorem gives us the result described at the beginning of
this section.
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THEOREM 8:1. Let Ui, Vir be a conjugate system of solutions of equations
(4:13) having at x =x, the initial values 8;x, Hix =B — 8:x, where 8:x, By are
the values described above. For such a system the determinant | U i(x)| is differ-
ent from zero on the whole interval x, Sx <%, and Hi=H .

In the first place |Ui(x:)| =1. If now |U.(x)| vanishes for a value
23 (%, <23 <xs), then there exist constants a, not all zero, such that U;i(xs)ax
=0. The equations
s = Uiar, i = Viaar

define dan arc I's; as in Lemma 8:3. By direct integration it is found that for
this arc

I,(T34) — Biraiar = (Bir — dir)aiar — Buaiar = — a:a;< 0.

This contradicts the result obtained in Lemma 8:3. Hence | Uu(xs)| is dif-
ferent from zero on the whole interval x,x, as was to be proved.

9. The construction of a field. In order to construct a field we need the
following theorem:

THEOREM 9:1. Suppose that an n-parameter family of extremals

(9:1) yi=yi(x, 81, - -, an), Na= N2, 01, ", )

is intersected by an n-dimensional manifold
(9:2) x=mlay, - ",0), ¥i = yi[xl(al’ T, Ga), Gyttt an]

and simply covers a region § of xy-space containing only interior points. If the
parameter values of the extremal through the point (x, y) are denoted by a:(x, y),
then the region § is a field with slope-functions and multipliers

(9:3) (%, ) = yilx, alx, M, Na(®, 3) = Nal#, 0, 5)]

provided that the integral I* is independent of the path on the n-dimensional
manifold (9:2).

This theorem has been established by Bliss for the problem of Lagrange
(IX, p. 733). The proof is the same for the problem considered here.

THEOREM 9:2. If a normal extremal arc E,; is normal on every sub-interval
x:1%3 and satisfies the conditions 111 IV’ then E., is a member of an n-parameter
family of extremals (9:1) whose determinant |y.a,| is different from zero along
E,;. Furthermore E.3 is an extremal arc of a field § simply covered by the family.

To prove this let W(ay, - - -, a.) be a function of the form
9:9) W(a) = zaa: + (1/2)Hi(a: — ya)(ar — yie),
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where the constants ¥, 2,3 are the values of the functions y;(x), z:(x) defining
E,; at x=2x,, and the H,; are the numbers belonging to the conjugate system
Ui, Vi defined in Theorem 8:1. When in equations (3:6) the set (xo, ¥io,
2i0) is replaced by the set (x,, a;, Ws,), an n-parameter family of extremals
(9:5) y'{ yi(xa x2) a, Wa) yt(x: d),

z; = 2%, %3, a, W,) = 24, a)
is defined and contains E;, for the special values @¢;=%... The multipliers
Ne(®, @) associated with this family are determined by equations (3:3).
Furthermore, since each extremal (9:5) defined by parameter values ¢; has
on it the element (xz, a;, W,), it follows that v, =ik, %ia,=Wa.,=Ha at
x=x,. Hence from Theorem 8:1 we conclude that the determinant |y, ,,| is
different from zero along each extremal of the family (9:5). This family,
therefore, simply covers a neighborhood § of E;;. Moreover, on the hyper-
plane x =x;, the Hilbert integral I* can be expressed in the form

I* = f Fyedy; = f Wada; = f aw

and hence is independent of the path. Theorem 9:1 now justifies the theorem
that was to be proved.

THEOREM 9:3. Let a normal extremal arc E,;, be a member of an n-parameter
family of extremals (9:1) whose determinant |yi.,| is different from zero along
E,,. If the ends of Ei; satisfy the conditions , =0, then there is a neighborhood N
of these ends in (x1y:1%2y2)-space such that E., is the only extremal of the family
with ends in N satisfying the conditions y,=0.

To prove this let E;; be a member of the family (9:1) for the special par-
ameter values (%10, %20, o). By hypothesis these values satisfy the equations

\bp(xl’ X2, a) = % [xl’ y(xb d), X2, )’(xz, (l)] = 0.

The theorem now follows at once from implicit function theorems if we can
show that the matrix

9:6)  [[Voe + ¥l Vors  VomaF Y Vovs  Vovadia(81) + YouirYia, (3)]|

has rank #+2 on Ey,. To do this suppose that it had rank less than #+2. Then
there would exist constants by, by, ci, not all zero, such that the relations

(‘l’pzl + yu’ ¢pw1)b1 + ('/’pxz + yi2l ¢py.~z)b2 + ‘Ppunyia,,(xl)ck + \0nvizyia,,(x2)ck =0,
Fyo(®1)yia,(#1)ck — Fyp(22)yia (22)cr = 0
would hold on Ej,. The last equation is precisely the relation (2:3) for the
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admissible variations 7;=¥.q,cx. On account of the normality of E;, the deter-
minant (2:5) is different from zero on E,;. Hence we would have

bi = b2 = Yia, (%10, G0)Ck = Yia, (%20, @0)ci = 0.

But this is impossible since the determinant |y.,,| is different from zero along
E,;. The matrix (9:6) therefore has rank #+2 on Ei;, and the theorem is
established.

10. Sufficient conditions for relative minima. The condition I is defined in
§2, the Clebsch condition ITI’ and the Mayer condition IV’ in §8. A normal
minimizing arc E,. is said to satisfy the Weierstrass condition IIg’ if at each
element (x, ¥, ¥', \) in a neighborhood N of those belonging to E;; the in-
equality

E(x, v, 9y, \Y)>0

holds for every admissible element (x, v, ¥") # (%, v, ¥').

THEOREM 10:1. SUFFICIENT CONDITIONS FOR A STRONG RELATIVE MINI-
MUM. Let E,; be an admissible arc without corners and with ends satisfying the
conditions ¥, =0. If E; is normal relative to the end conditions Y, =0, is normal
on every sub-interval x,xs of x1%s, and satisfies the conditions I, Ily’, IIT’, IV,
then there are neighborhoods § of E. in xy-space and N of the ends of Eip in
(1y1255y2)-s pace such that the inequality g(Css) > g(Eia) holds for every admissible
arc Cyy in § with ends in N satisfying the conditions ¥, =0 and not identical with
E]z-

To prove this theorem we first notice that the condition I and the nor-
mality of E;; imply a unique set of multipliers No(x) and constants ¢; with
which E,; satisfies equations (2:2) and for which /o=1, as agreed upon in
Theorem 2:2. The condition IIT’ implies further that E;, is non-singular and
hence must be a single extremal arc, since it has no corners (IX, p. 735).
According to Theorem 9:2 we now see that Ej; is an extremal of a field §
with slope functions and multipliers p.(x, ), Na(%, ). It follows that if the
field § is taken sufficiently small, the values x, y, pi(x; ¥), Na(%, ¥) belonging
to it will lie in so small a neighborhood of the sets (x, , »’, \) belonging to
E,; that the condition Iy’ will imply the inequality

E(x, y, p(x, ), M=, ), 5") >0

for every admissible set (x, y, ') #(x, , p) in §. Theorem 9:3 and the
fundamental sufficiency theorem 7:2 now justify the theorem that was to
be proved.
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Bliss (IX, pp. 736-37) has shown that if an extremal arc E,, satisfies the
condition ITI’ and is an extremal of a field § with slope functions and mul-
tipliers p:(x, ¥), Aa(%, ¥), then the inequality

Elx, y, p(x, ), M=, ), '] > 0

holds for every admissible set (x, y, y") #(, ¥, p) in a neighborhood P of the
sets (x,9, y") on E;;. Hence by arguments like those in the preceding paragraph
the following theorem is justified:

THEOREM 10:2. SUFFICIENT CONDITIONS FOR A WEAK RELATIVE MINIMUM.
If an admissible arc E., satisfies all the conditions of the preceding theorem except
the condition 11, then there are neighborhoods B of the sets (x, v, y') on Eyzand
N of the end values (%1, Y1, %2, ¥2) of Enz such that the inequality g(Css) >g(E.s)
is true for every admissible arc Css whose elements (x, v, ¥') are all in B, whose
ends are in N and satisfy the conditions ,=0, and which is not identical with
E,,.

Suppose now that the functions ¢, are continuous at every pair of
distinct or coincident points in a neighborhood of those belonging to Ej,.
Bliss has shown that if the ends of E,; are the only pair of distinct or coinci-
dent points on Ej, satisfying the conditions ¥, =0, then for every neighbor-
hood N of the ends of E;; in (x,y:%2y,)-space there is a neighborhood § of
E,; in xy-space such that every pair of points (x;, 31), (%2, ¥2) in § satisfying
the conditions y,=0 are also in N (XII, p. 267). Hence by suitably restric-
ting the neighborhood § of E;, in Theorem 10:1 we have the following
corollary:

CoroLLARY 10:1. Let E,; be an admissible arc satisfying the conditions
described in Theorem 10:1. If further the ends of E.; are the only pair of distinct
or coincident points on E,, satisfying the conditions Y, =0, then there is a neigh-
borhood § of E; in xy-space such that the inequality g(Cs,) >g(Ey) holds for
every admissible arc Cy, in § with ends satisfying the conditions ¥, =0 and not
identical with E;g.

A similar corollary can be stated for weak relative minima.
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